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A CLASS OF DEVELOPMENTS IN ORTHOGONAL FUNCTIONS. 

BY TOMLINSON FORT. 

I. 

1. Consider the differential equation 

(1) dx (k(x)y') + (X2g(x) - h(x))y = 0; 

where k(x), g(x) and h(x) are real functions of the real variable x and 
where g(x) > 0 and k(x) > 0 have fourth derivatives and h(x) a second 
derivative, limited and absolutely integrable in the Riemann sense over 

(2) a x :b 

and where moreover g(a) = g(b), g'(a) = g'(b), k(a) = k(b) and k'(a) 
= k'(b); subject to the conditions 

(3) y(a) = y(b), y'(a) = y'(b). 

Denote the characteristic values for the system consisting of (1) and 

(4) y(a) = y(b) = 0 

by X12 < X2 < X32 *< . As is well known* there exist an infinite set 
of values 112, 122 132, *, satisfying the inequalities 

() 112 < AX<12 2 _ 2 _132 < X32 <12 C42 1 I2 <... 

such that when X2 = 1j2, j = 1, 2, 3, *.., the system consisting of (1) and 
(3) is satisfied by at least one function, not identically zero. If X2 = 1i2 
* Jj__2 or Jj+12 all solutions of (1) satisfying (3) are linearly dependent. 
Denote by yj a particular such solution, not identically zero. If X2 = Jj2 

= lI+12 all solutions of (1) satisfy (3). Denote two particular linearly 
independent solutions by yj and yj+e. 

If lj2 + 1k2, yj and Yk are orthogonal functions, that is they satisfy the 
relation 

(6) q(X) i (X)k(x)fdx = 0. 

* See, for example, Mason, Trans. Amer. Math. Soc., vol. VII, p. 360, 
231 
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If lj2-j+112 we choose yj and yj+l two solutions such that (6) holds* 
when k is replaced by i + 1. 

We wish to consider the development of an arbitrary function, f(x), 
in series of the form 
(7) cy + c2y2 + c3y3 +- , 

where c1, C2, C3, ... are constants. If f(x) is integrable from a to b the 
formal determination of the coefficients is immediate as in the case of 
Sturm-Liouville series 

ob 

8 f(x)g(x)yj (x) dx 
(8) ~~~~~c j - b 

g g(X)[yj (X) ]2dx 

2. In the present investigation we begin, as has generally been found 
necessary in such problems, by transformingt (1) to the form 

(9) dx2 + (X22 - L(x))y = 0 

and for convenience the interval (2) into 

(10) 0 x 27r. 

It is deemed unnecessary to introduce new letters. Conditions (3) are 
transformed into 
(11) y(O) = y(27r), y'(O) = y'(27), 

and we denote by yj, j = 1, 2, *-* *, the solution of (9) into which the old 
yj is transformed. L(x) has a limited integrable second derivative. 

When j -X o, as is well known,T Xj2 _) a. Hence from (5) for large 
values of j, 1j2 > 0. When this is the case let lj > 0. Then for large 
values of j we can write* 

(12) yj(x) = A cos ljx + B sin ljx + fL(t)yj(t) sin lj(x -)dS. 

A and B are not both zero as otherwise we would have yj(O) = yj'(O) = 0 
and hence y _ 0. We add arbitrarily the additional restriction, 

(13) A2 + B2 = 1. 

We proceed from (12) to get an asymptotic expression for yj as j -) oo. 
To begin with, I yjI does not exceed a fixed positive number inde- 
* An existence proof is the same as that given-Quart. Jour. of Pure and Ap. Math., vol. 

XLVI, p. 9. 
t See, for example, Hobson, Proc. London Math. Soc., Series 2, vol. 6, p. 375. 
$ Ibid., p. 378. 
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pendent of x and j. A proof of this can be given exactly as is done for 
the corresponding theorem for Sturm-Liouville developments* and is 
consequently omitted. 

Since yj satisfies (11) 

(14) A = A cos 2wrlj + B sin 2rwlj +4 j L(t)uj(t) sin lj(2w -trdd 

(15) B = - A sin 2wrlj + B cos 2wrlj +? L(t)uj(t) cos lj(2r- 

Substitute from (12) in (14) and (15) and then again in the resulting 
equations. a will here, as in the remainder of this paper, denote a num- 
ber independent of x which does not exceed in absolute value a positive 
number independent of j. a(x) will denote a function which never ex- 
ceeds a fixed positive number independent of x and j. a will generally 
denote quite different functions when used in different places, not a particular 
function as would naturally be assumed. In addition let 

row row 
f L(t)dS = 2N, lj L(t) cos 21jdS = 2K, 

lj L(t) sin 21jdS = 2M and tan lj7r = z. 

We get after simplification 

A (21j22- 2ljNz - 2Kz + M - Mz2 +T - Z2 

= B(2lj2z + 2Mz-Nlj-N2z + Nl+z2 K - Kz2) 

A(2lj2z - Nlj + Nljz2 - K + KZ2 - 2Mz - N2z) 

(17) = B (- 22Z2 + M-Mz2 -+ 2Nljz - 2Kz) + '. 

Suppose that as j -X oo ljz does not remain finite then from (16) and (17) 

2 2 2A +31 = -B+ 132, -A +133 =-2B+ 04, z z 

where f,, 02, 33 and O4 are infinitesimal on some special set of values of X 
or are zero. But these equations are impossible for values of A and B 
other than A = B = 0. Consequently ljz remains finite as j Xo o. The 

* Ibid., p. 376. 
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elimination of A and B is now simple and yields the equation 

[41j 4- N21j2 - M2 - K2 + N z4 

(18) - 41j3Nz3 + [41j4 - 2M2 - 2K2 + + z2 

-41 3Nz + [N2l 2-K2 4 M2 +Nj = 

The left-hand member of this equation is devisable by (1 + z2). Conse- 
quently for the real values of z, in which alone we are interested, 

2ljj3N ? 4(M2 + K2)l j4 - ( (M2 + K2) 

41j4- N2lj2 - (M2 + K2) +_ 4 

But X2n-1 -n n- and X2n+1 - n + 2 as n -+ oo.* Consequently from 
(5) and (19) 12n = n + (a//n) and 12n+1 = n + (a/n) and consequently 
K = (a/n) and then 

F tan 7rl2n+1 = N + M a + 
(20) 1 N M a 

tan 72= 2n -2n2 + 
and consequently 

N a 
12n= n+2nv-+ n 2 

N a 12,+l= n + 2n7r + n 2 

Suppose M -t-> 0 which is the case if L(27r) + L(O). The substitution of 
these values in either (16) or (17) yields, giving a positive value to A which 
is allowable, A = (1/J2) + (a/n), B = (1/42) + (a/n). Repeated 
substitution in (12) yields 

1 COS 12nx sin 19nx oxa(x) 
U2n = 2 cos 12nx + sin 2nx + a n-+ a + - it 

(21) 
U2n+l 

= 2 cos -+1X - sin l6+1X + aO 
_+2 -J2 +n 

4-asin l6?1X a(x) 

* Ibid., p. 378. 
t With the values obtained for A and B it is readily shown that 

fx L(t)uj(t) sin lj(x - )d = a (x) L * 
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In case M -. 0 a supplementary discussion is necessary. This discus- 
sion will be of a general character; in it further properties of the a's in 
(21) will be developed. Denote cos 27rwj by c, sin 27rwj by s, cos lji by ci, 
sin ljti by si, cos 21jj by Ci and sin 21j3i by Si, i = 1, 2, 3, . Let 

oi = (sc1 - CS1) (SlC2 - ClS2)..(Si-lCi - ci-si)(Aci + Bsi), 

Xi = (CC1 + ss1) (slC2 - ClS2)* (sj - ci-isi) (Aci + Bsi). 

Substitution in (14) and (15) from (12) repeatedly yields 

A = Ac + Bs +l L(t,)s(pd~i + 12 f(72dTi 

(22) ? - j2 fw1... fPL(4l)L(42) 

* Li) pd~pdip- ***di + ** 
1 2w 

B = -As + Bc +f L(t)xidi 
i o 

1 2w rti 1 r2wrr 
(23) + jj2 L(.f )L(22)XA2dej + + 1f7 fp 

J L(21)L (%) *-*L(ip) xpdipdip,, ... dij +***. 

Consider now the expression (pi, omitting the first and last factors, 
we have (S1C2 - Cls2) . . . (SilCi - CilSi) which we denote by 41s. If i is 
odd, 4icicc is the same as 4lisisi except that every Sk2, k = 1, **.. I, is 
replaced by Ck2 and vice versa. If i is even there is this same relation but 
for a change of sign. Replace now in 4'icici and in 4isisi each Sk2 by 
(1 - Ck) /2, each Ck2 by (1 + Ck) /2 and each CkSk by Ski. Multiply out 
all parentheses. 4icici and 4Pisisi now differ only in the signs of some 
of the terms, namely, those containing an odd number of Ck's. The same 
relation exists between cis,4'i and sici/i4. 

Now in (22) and (23) collect all the coefficients of As, Bs, Ac and Bc. 
We have absolutely convergent infinite series, as is seen by comparison 
with the series 

IP!(j I1 ) 
Let 

= 2z and c 1 - Z2 cos2 ljr cos2 1jr 

as previously. The notation for the coefficients will be obvious. We get 
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A(21j2z2- 21jNz - 2Kz + M - MZ2 + P - Pz2) 

|24 B(21j2z -Nlj + 2Mz - 2Pz + Niz2 + K -Kz2) 

(24) A(21j2z -Nlj + Nljz2- K + KZ2 - 2Mz - 2Pz) 

= B(- 21j2Z2 + M - MZ2 + 2Nljz - P + PZ2 - 2Kz). 

The elimination of A and B and the solution of the consequent equation 
as in the case already discussed where M -i* 0 yields 

41j3W ? \/j4(16M2 + 16K2 -16P2 + 16N2P -4N4) 

(25) z = + 41j2(M2 + K2 - P2)(2N2 - 4p) =4(P2 -M2 2) 
8lj4 - 81j2P + 4N2lj2 + 4p2 - 4M2 - 4K2 

Let us assume that L(x) is analytic* over (10), an assumption not made 
when M -i- 0. In the latter case it was assumed only that LIV(x) was 
limited and absolutely integrable. 

Let 

qEp~n)= (n) L(41)L(%2) * L((n)cjl ... CjPSk1 Skqdildi2 dgq, 

where]1, ***, jp, k1, ***, kq are distinct numbers of the succession 1, ** , n 
and p + q _ n. By integration by parts it is readily shown that qEp (n 

is expansible in the form 

qp(ni) E- E2 qEp~n = ;(+P + Iq-+ + .. 
ljq+p 

jq+p++ 

where E1, E2, ** , are polynomials in s and c. 
Now write from (25), as is immediate, 

Z1 ae Z a 
z i = l +j2 

where z1 is a constant. This result can be used to determine s and c of 
the form 

5l a C1 a 
S =1 +12 c = 1 +I- +12 

where si and c1 are constants. Consequently 

Ml1 a - K, a -N1 a M 1 + 1 2 K = -Il+ lo2 N = Nf + N- + 

N2 Pi a 
p + ws + nee 

*It will appear that this is more than is generally necessary. 
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where M1, K1, AT1 and P1 are constants. These values in (25) determine 

Z1 Z2 ?a 
Zl +Jj2 1J.3 

from which in a similar manner 

M =1l M2 +a 

where M2 is also a constant; similarly for K, N and P. These values in 
(25) then determine 

Zl z2 z3 a etc. 

The process can be carried on as far as is desired. Suppose that at each 
stage of this process we substitute in the first of (24) and together with 
A2 + B2 = 1 solve for A and B, either A and B are indeterminate or are 
in the form, taking the positive sign with the radical 

A =A1+, a+, B=B1+ +bij, 

taking the negative sign 

A2 2a B = B2 + ab+ 
a A = 2 +ij +Jj B = jB2 

A1, A2, B1, B2, a,, a2, b1 and b2 are fixed real numbers. If no matter how 
far the process just described is carried A and B remain indeterminate, 
equations (11) place no restriction on the solution and ij is a double value. 
As previously 

N a N a 
12. = n + N+ 21 12n+l = n + 2 r+ - 

l~n-fl2n+ n l~+=l2nr+n 

We consequently can write 

Y2n+1 = A1 cos l2,+1x + B1 sin 12n+1x 

a, - BiN(x) bi + AN(x) +a(X) + n cos 12,+lx + n sin 12+lx +n2 

(26) Y2n = A2 cos 12x + B2 sin 12x 

a2 - B2N(x) b2 + A2N(X) si(X) + COS l2eX + a sin l2x + and 

which are the desired asymptotic forms, 2N(x)= L(x)d(x) Y2n, and 
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Y2n+1 are orthogonal, which fact together with (13) necessitates 

A 2 + B 2 = 1, (i 1, 2), 
A1A2+ B1B2 = AlBj + A2B2 =O, A12 + A22=B12 + B22= 1, 

(27) Ala, + Bib, = A2a2 + B2b2 = Alai + A2a2 = Bib, + B2b2 = 0, 

Ala2 + A2a, + Blb2 + B2b- 0, 

Alb1 + Bla, + A2b2 + B2a2 = 0. 

3. Adopt the notation of (26) even in case Mlk- 0, for then simply 

1 2 Al =A2 = - 2 B= -B2= -; 

Let V2,+1 = A1 cos nx + B1 sin nx, V2n = A2 cos nx + B2 sin nx. Let 
f(x) be an integrable function and let 

I f (X)v2?+ldx f (X) V2ndx 
'Y2n+1 = - 'Y2n = -__2_ _ 

(V2 n+1) 2dx (V2 n) 2dx 

It can immediately be verified by means of (27) that 

Y2nv2n + y2n+lv2n+l = an cos nx + bn sin nx, 

where an and bn are the Fourier constants for f (x). Moreover, replacing 
12n+1 and 12n by the values obtained for them in terms of n and letting 

r2 f f(x)yJ(x) dx 
Cj = ? 

f [yj(x)]2dx 

from 26 

(28) C2nY2n + C2n+lY2n+l = an cos nx + bn sin nx + pn, 

where by (27) 

an + Cbn 
a 

2v, ~~z~~i a-+ =a- + a 
~ ~ n n2 n n 20 

In case that A1, B1, A2 and B2 are arbitrary but for (13), that is, where 
ij = 12n = 12n+1, a double value, we choose for definiteness A1 = B2=1, 
A2 = B1 = 0 and as a result still have (28). 

Let 
n 

S2n = EC2nY2n + C2n+lY2n+l 
n=1 
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and 02n the sum of the first 2n - 1 terms of the Fourier series for f(x). 
The series po + pi + converges uniformly over 0 x -r - 27r. Then 
82n - 02i converges uniformly in x over 0 c x 27r. 

Assume first that f(x) is analytic when 0 c x c 27r. Both sn and a? 
converge to f(x) when 0 < x < 27r.* But S2n - 02n is continuous and 
converges uniformly. Consequently S2n - 02n converges uniformly to 
zero over the closed interval 0 _ x 27r. 

Now let 

S2n(X) - a2n(X) = f f()n(x, )d, 

n (x t) = a(x, X) 

where a-(x, t) for all values of n remains in absolute value less than a 
fixed positive number independent of x and t. It results that IrK(x, t) 
remains in absolute value less than a fixed number independent of x, n 
and t. No assumptions as to the character of f(x) other than integra- 
bility are made here. 

Next let f(x) be continuous, 0 c x c 2r, but not necessarily analytic. 
Form a sequence of analytic functions, fl, f2, f3, . . . approaching f uni- 
formly, 0 c x 27r. Obviously 

rt >27r 2rat 

A0t)n(X, t)d (f(0) -fn(0)>'m(x, t)d' + fn(0>fm(Xi )d, . 

Let -q be arbitrarily small. Since (P n is bounded we can choose an n such 
that when n _ ni the first integral is in absolute value less than 27a. Hav- 
ing chosen in choose m so that when m -m- the last integral is in absolute 
value less than 22. Consequently I S2n- 02n I < 71. Consequently S2n- 02n 

converges to zero uniformly over the closed interval 0 c x _ 2r. 
Extension to discontinuous functions is made by setting up a sequence 

of continuous functions, fi, f2, * such that 

1 fn(t) -j) | di -.' 0 

and reasoning much as before.t The result is obtained that 82n - U2n <4 0 
uniformly when 0 _ x 2wr. 

The following theorem is readily concluded. 
* A. C. Dixon, Proc. L. Math. Soc., 1905, p. 99. 
t See Haar, Math. Ann., Bd. 69, S. 355, where similar reasoning is carried through for the 

Sturm-Liouville and cosine series. See also Hobson, Theory of Functions of a Real Variable, 
p. 532, for classification of functions defined by sequences. 
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If f(x) is a function integrable in the Lebesgue sense from 0 to 2ir. The 
n=1 

development E3 (C2nY2n + C2n+1Y2n+1) converges at any particular point of 

o c x _ 2r when and only when the Fourier's series for f(x) converges at that 
point and to the same value. It converges uniformly over the whole interval or 
any subinterval when and only when this is true of the Fourier's series and 
diverges to cc or - so when and only when the Fourier's series does. More- 
over it is summable by the method of the arithmetic mean when and only when 
the same thing is true of the Fourier's series and to the same value. 

It is to be noted that results from this theorem are immediately trans- 
ferable to series (7) over the interval (2).* 

II. 

4. Very similar to the problem just discussed in I is that of developing 
a function in terms of the infinite succession of solutions of (9) satisfying 

(29) y(0) = - y(2w), y'(O) = - y'(2r). 

The work throughout is the same as that gone through in I except for 
the details of the algebra which fact apparently makes a proof by the 
method of this paper to cover both cases impractical. The results will, 
however, be readily surmised and I shall give them without anything 
resembling a detailed proof. 

Let the characteristic values be denoted by l,'2, j = 1, 2, 3, *--, and 
for large values of j let z = cot l1'r. Analogous to equations (24) we have 

A (21j'2z2 + 21/'N'z + 2K'z - M'z2 + M' - P/z2 + P') 

- B(- 21j'2z - 2M'z-K'z2 + K' ? N'l z2- tlj + 2P'z), 

A(21j'2z -N'J'z2 + N'll' - 2M'z - K'z2 + K' - 2P'z) 

= B(21j'2z2 - 2K'z + M'z2 - M' + 2N'ljz - P'z2 + P'), 

where, in case L(O) * L(27r), P' is to be replaced by N2/2, the dashes 
dropped and a/n added as in (16), (17). These equations are solved for z 
and together with A2 + B2 = 1 for A and B as in I. It is found that 
z -* 0. Hence from thfe inequalities 

112 =X12 =2' <X22 <l32 =32c 14/2 < . 

, 2n-1 _X 2n2+ 1 a 
12n-1 =2 -+ - and 12n= 2 + 

a 
2 n2 n 

* See Hobson, Proceeding L. Math. Soc., Series 2, vol. VI, p. 387, where the same thing is 
done for Sturm-Liouville series. 
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Other work is a close parallel to that already carried through with 
the result that: 

The development for f(x) in terms of solutions of (9) satisfying (29) bears 
the same relation to the development for f(x) in terms of sin [(2n + 1) /2]x 
and cos [(2n + 1)/2]x, n = 0, 1, 2, *, as is borne by the series discussed 
in I to the Fourier's series for f(x). 

May, 1916. 


	Article Contents
	p. 231
	p. 232
	p. 233
	p. 234
	p. 235
	p. 236
	p. 237
	p. 238
	p. 239
	p. 240
	p. 241

	Issue Table of Contents
	Annals of Mathematics, Vol. 19, No. 4 (Jun., 1918) pp. 231-296
	A Class of Developments in Orthogonal Functions [pp. 231-241]
	A Formula of Polynomial Interpolation [pp. 242-245]
	Plane Nets with Equal Invariants [pp. 246-250]
	Recent Extentions of Descartes' Rule of Signs [pp. 251-278]
	A General Form of Integral [pp. 279-294]
	Elastic Stresses in an Infinite Solid with a Spherical Cavity [pp. 295-296]



